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í(÷�ê���çJë¼è�é�í�ëfì�êðè�êÎòÅëmí�éÂç�ç%$m�>í�ïbÿ�+:��çJëxê©ó0è���êÎìiè�é�í�ëfì'ó�òÅé�ôhí�è�êÎòÅë�ì�çGçJô�ìKèÂò "ç�êðëfö�çJù"çJëfö�çJë\èió|éÂòÅô è��fç
ç]úDù>í�ëfìÂêÎòÅë �*îºçWì��fòuî è��>í�ènè��fçJéÂçOêÎì�íhìÂè�éÂòÅë�÷xéÂçJï=í�è�êÎòÅë �çJè³îiçGçJë¿è��fçWë���ô
"çJé(ò�óiö���ù�ïðêÎøuí�èÂçGìlí�ëfö
è��fç8��í�ï��fçGìiòÅëxè��fçní�éÂøGìuÿ +§ëxìÂçGøJè�êÎòÅë @��«îºç�ù�éÂò#��ç�ílì����høJêÎçJë«è,øGòÅëföXêðè�êÎòÅë�ò�ó�ïðê���çJëfçGìÂìºí�ëföhîiçnì��fòuî
è��>í�èWêðèWêÎì�ëfçGøGçGì�ì�í�é�û ó|òÅé�í�ë«û.øJêðéÂø	��êðèOî,êðè��Cè³îiòdè�é�í�ëfì�êðè�êÎòÅëfì�ÿ1�¸êðë>í�ïðûb�îiç¼øGòÅëføJï��fö�ç¼î,êðè��CìÂòÅô�ç
ù"çJéÂìÂù"çGøJè�ê���çGì,êðë%ì�çGøJè�êÎòÅë2�Xÿ

�



� �����>å�ä�â��	�OÞOå'ß*å�á�Þ
����ÞWâ ÞWá,ß��7ß*åÂá�Þ
�

��çJè �fìhøGòÅëfì�êÎö�çJémí.îiçJêð÷��«èÂçGö�ç	��çJë\è¼÷�é�í�ù$�
G(P, T )

� � +.- êðë ì��fòÅé�èN%�÷�ê���çJë «û í.ìÂçJèxò�ó
è�é�í�ëfì�êðè�êÎòÅëfì

T = {t1, ..., tn}
í�ëfö ídìÂçJè�ò�ózù�ï=íÅøGçGì

P = {p1, ..., pm}
ÿ +:��çJé�ûCù�ï=íÅøGç

p ∈ P
êÎì

ö�ço*fëfçGö �çJè³îºçGçJë.è³îºò%è�é�í�ëfì�êðè�êÎòÅëfì
ti
í�ëfö

tj
�[ìÂòmîºç�ëfòÅèÂç

p = (ti, tj)
�|ì�çGç *f÷���éÂç ý#%]ÿ��fòÅéOí�ë\û

è�é�í�ëfì�êðè�êÎòÅë
t ∈ T

�Xîiçlì�çJè -

P+(t) = {p = (t, t′) ∈ P, t′ ∈ T}

P−(t) = {p = (t′, t) ∈ P, t′ ∈ T}
35�fç�í�éÂøGì

(ti, p)
í�ëfö

(p, tj)
í�éÂç ��í�ï��fçGö \û%è³îºò�ì�è�é�êÎøJè�ïðû%ù�ò�ì�êðè�ê���çlêðë\èÂçJ÷�çJéÂì(ö�çJëfòÅèÂçGö�éÂçGìÂù"çGø�	

è�ê���çJïðû \û
w(p)

í�ëfö
v(p)

í�ëfö¿øuí�ïðïÎçGö¿è��fçOôhí�é�ñ\êðë�÷mó ��ëføJè�êÎòÅëfìuÿ
�3ç�í�ïÎìÂò�ö�çJëfòÅèÂç «û
M0(p)

è��fç
êðë�êðè�ê=í�ï�ôhí�é�ñDêðë�÷hò�ó¸è��fçlù�ï=íÅøGç

p
ÿ

ti

p

M0(p)
w(p) v(p)

tj

�¸êð÷���éÂç�ý�-��Ëù�ï=íÅøGç
p
î,êðè�� è³îiò�è�é�í�ëfì�êðè�êÎòÅëfì

ti
í�ëfö

tj

�fòÅéÉí�ë«û *fé�êðë�÷lò�ó>è��fçºè�é�í�ëfì�êðè�êÎòÅë
ti

�;éÂçGì�ù�ÿ
tj

%o�
w(p)

�;éÂçGì�ù�ÿ
v(p)

%sèÂòÅñ�çJëfìÉí�éÂçºù�ï=íÅøGçGö�èÂò �;éÂçGìÂù�ÿ
éÂçJô�ò���çGö%ó;éÂòÅô�%,è��fç(ù�ï=íÅøGç

p
ÿ � ò$�fê©ó

νi

�;éÂçGì�ù�ÿ
νj

%ºêÎì�è��fç(ëm��ô �çJézò�ó *fé�êðë�÷�ìnò�óè��fçlè�é�í�ëfì�êðè�êÎòÅë
ti�;éÂçGì�ù�ÿ

tj
%o�Xè��fç(ëm��ô �çJénò�óèÂòÅñ�çJëfì,êðë%è��fç(ù�ï=íÅøGç

p
êÎì^-

M(p) = M0(p) + νiw(p) − νjv(p)

�fòÅéní�ë\û
ν ∈ N

? í�ëfö�ó|òÅé�í�ë\û t ∈ T
�
< t, ν >

ö�çJëfòÅèÂçGì�è��fç
ν
è�� *fé�êðë�÷hò�ó

t
ÿ

+³ó
w(p) = v(p) = 1

ó�òÅéhí�ë«û�ù�ï=íÅøGç
p ∈ P

�Éè��fçJë
G
êÎìhí�ë ç	��çJë«èx÷�é�í�ù$��ÿ �fòÅéxí ì�í�ñ�çmò�ó

ì�êðô�ù�ïðêÎøJêðè³ûb�>îiçlì�çJè7ó|òÅé�í�ë\û¼ù�ï=íÅøGç
p ∈ P

-
ý�ÿ

gcd(w(p), v(p)) = gcdp

è��fçl÷�éÂçuí�è�øGòÅô�ô�òÅë�öXê��DêÎìÂòÅé�ò�óè��fç(êðë«èÂçJ÷�çJéÂì
w(p)

í�ëfö
v(p) 

�Xÿ
lcm(w(p), v(p)) = lcmp

è��fçlïÎçuíÅì�è�øGòÅô�ô�òÅë ô
��ïðè�êðù�ïðêÎçJénò�óè��fç(êðë«èÂçJ÷�çJéÂì
w(p)

í�ëfö
v(p)
ÿ

��çJè �fì�øGòÅëfì�êÎö�çJé¼ídù>í�è��
µ
ò�ó

G
ö�ço*fëfçGö íÅìxí ìÂç%$��fçJëføGçmò�ó

n
ù�ï=íÅøGçGìhì��fø/� è��>í�è

µ = {p1 =
(t1, t2), p2 = (t2, t3), . . . , pn = (tn−1, tn)}

ÿ 35�fç�îiçJêð÷��\èOò�ó
ν
�[ö�çJëfòÅèÂçGö «û

W (µ)
��êÎì�ö�ço*fëfçGö

íÅì -

W (µ) =
∏

p∈P∩µ

w(p)

v(p)

� ç	��çJé�í�ïºí���è��fòÅéÂì¼üðý'�q�P�IþKëfòÅè�êÎøGçGöSè��>í�èWí�ëfçGøGçGì�ì�í�é�û3øGòÅëföXêðè�êÎòÅëSò�ó,ïðê���çJëfçGìÂìWò�ó�í;� +.-
G
êÎì

è��>í�è�ç	��çJé�û%øJêðéÂø	��êðèZ�>íÅìní�îiçJêð÷��\èzç%$m�>í�ï�èÂò�òÅénì���ù"çJé�êÎòÅénè��>í�ë
1
ÿ>35��êÎìnøGòÅëföXêðè�êÎòÅë�êÎì�è�é�ê��\ê=í�ïðïðûmëfòÅè

ì����høJêÎçJë«è -ló�òÅélêðëfì�è�í�ëføGç��[ê©ó,îiçxøGòÅëfì�êÎö�çJéOí�ëCç	��çJë«èO÷�é�í�ù$� ��� �"!��
w(p) = v(p)

ó|òÅé�ç	��çJé�û ù�ï=íÅøGç
p ∈ P

%o�Kè��fçJë è���êÎì�øGòÅëföXêðè�êÎòÅë êÎì�í�ïðî7íGûXì�ó ��ï *fïðïÎçGö í�ëfö�êÎì�ëfòÅè�ì����høJêÎçJë\èhèÂò¿ö�çGøJêÎö�ç%í��ò,��è�è��fç
ïðê���çJëfçGìÂìuÿ

+§ë¼è���êÎì7ù>í�ù�çJé��Dîiç�éÂçGö��føGç(ò,��é�ì�è��föXûxèÂò�ì�è�éÂòÅë�÷�ïðû¼øGòÅë�ëfçGøJèÂçGö �,+.- ì��fø/�mè��>í�è�ç	��çJé�ûxøJêðéÂø	��êðè
�>íÅìÉíM��ë�êðè�í�é�ûWîºçJêð÷��«èuÿ`35��êÎì	øJï=íÅì�ìÉò�ó&�,+.- ��øuí�ïðïÎçGö ��ë�êðè�í�é�ûO÷�é�í�ù$�fì���î7íÅì *féÂì�è	êðë\è�éÂò\ö��føGçGö�êðë%üðý'��þ
í�ëfö¿êÎì^�fì��>í�ïðïðû ì����høJêÎçJë\è�ïðû¿ï=í�é�÷�ç�èÂòmô�òDö�çJïÉè��fç�éÂçuí�ï�	bïðê©ó|çhù�éÂò,�ïÎçJô�ìuÿ7+§ëfö�çGçGö��¸í�ë\û ëfòÅè ��ë�êðè�í�é�û

�



ì�è�éÂòÅë�÷�ïðû øGòÅë�ëfçGøJèÂçGö ÷�é�í�ù$�
G
î,êðïðïZ�>í���ç=��ëm"ò,��ëfö�çGö ù�ï=íÅøGçGìuÿ � êðëføGç%èÂòÅñ�çJëfì�ô�òDö�çJï�ù�éÂòDö��føJèÂì

�;êðëdí�ë íÅìÂìÂçJô �ïðû ïðêðëfç#%,òÅé�öfí�è�í �;êðë¿í�øGòÅô�ù$��èÂçJé�ì�ûDìÂèÂçJô�%o�fè��fçJêðézë���ô �çJé�êÎì�ëfçGøGçGìÂì�í�é�û;"ò,��ëfö�çGö
êðëSù�é�íÅøJè�êÎøuí�ï�í�ù�ù�ïðêÎøuí�è�êÎòÅëfì�ÿ +§èWô�çuí�ëfì�è��>í�è�ê©ó�è��fç¼÷�é�í�ù$� ò,�è�í�êðëfçGöCêÎì�ëfòÅè ��ë�êðè�í�é�ûb�	è��fçJéÂç�îºíÅì
øGçJé�è�í�êðë�ïðû%íOù�éÂò,�ïÎçJô êðëmè��fçlö�çGì�êð÷�ë�ò�ó¸è��fç�ïðêðëfçlòÅé�êðëmè��fçlö�çGì�êð÷�ë%ò�óè��fçlì�ûXì�èÂçJô%ÿ

� ��à ���Âå�� åÂÞ��,à�å � �
�3çzù�éÂò���ç�êðë¼è���êÎì,ìÂçGøJè�êÎòÅëmìÂòÅô�çM>íÅì�êÎøzèÂçGø���ë�êÎøuí�ï0ù�éÂòÅù�çJé�è�êÎçGì,òÅë�è��fçnôhí�é�ñDêðë�÷�ì,ò�ó[è��fçzù�ï=íÅøGçGìuÿ
��çJè

p = (ti, tj) ∈ P
ÿ`�3çlì�íGû�è��>í�è

p
êðëfö��føGçGì�í�ù�éÂçGøGçGö�çJëføGç�øGòÅëfìÂè�é�í�êðë«èM"çJè§îiçGçJë

< ti, νi >í�ëfö
< tj , νj >

ê�� -
���
	��������
	��

< tj, νj >
øuí�ë="ç(ö�òÅëfçWíIó;èÂçJé

< ti, νi > 
���
	��������
	��

< tj, νj − 1 >
øuí�ë;"ç(ö�òÅëfç "ç]ó�òÅéÂç

< ti, νi >
$��è�ëfòÅè

< tj , νj >
ÿ

��������� �"! � !$#&%
')(+*/!
p = (ti, tj) ∈ P ,.-0/ !1'324(5%
6�!7*/! / !18
*/!�* - 892;:<6=(���8>:@?�!;:<A>!�!;8B:�C$!

νi

:�CED�6o��8GF
-=H ti

(I8 / :�C�!
νj

:�CJD�6N��8GF -=H tj
� K L

w(p) > M0(p) + w(p)νi − v(p)νj ≥ max(w(p) − v(p), 0)

M56 -0-=H � �¤ù�ï=íÅøGç p = (ti, tj) ∈ P
ô�ò\ö�çJïÎìzíOù�éÂçGøGçGö�çJëføGçWøGòÅëfì�è�é�í�êðë\èZ�çJè³îºçGçJë

< ti, νi >
í�ëfömè��fç

< tj, νj >
ê�� <ºòÅëföXêðè�êÎòÅëfì

1
í�ëfö

2
�fòÅïÎö0ÿ

ý�ÿ9<ºòÅëföXêðè�êÎòÅë
1
êÎì�ç%$���ê���í�ïÎçJë«ènèÂò

M0(p) + w(p)νi − v(p)νj ≥ 0

�Xÿ9<ºòÅëföXêðè�êÎòÅë
2
êÎì�ç%$���ê���í�ïÎçJë«ènèÂò

v(p) > M0(p) + w(p)(νi − 1) − v(p)(νj − 1) ≥ 0

<ºòÅô �êðë�êðë�÷xè��fçGìÂç(è³îºò�êðëfç%$m�>í�ïðêðè�êÎçGì��fîºç(÷�çJè,è��fç(êðëfç%$m�>í�ïðêðè³ûméÂç%$m��êðéÂçGö0ÿ
"nëfç øuí�ë ò,fìÂçJé���ç%è��>í�èxè��fç%ö�çuíÅöXïÎòDøÂñ ó|éÂçGçJëfçGìÂìhò�ó�í¿ìÂè�éÂòÅë�÷�ïðû øGòÅë�ëfçGøJèÂçGö îºçJêð÷��«èÂçGö�ç	��çJë«è

÷�é�í�ù$�%êÎì�ç%$m��ê��Åí�ïÎçJë\è�èÂò�è��fç(ïðê���çJëfçGì�ì -	êðëfö�çGçGö���è��fç(ïðê���çJëfçGì�ì�êÎì�ç%$m��ê��Åí�ïÎçJë\è�èÂò�è��fç(ëfòÅë�ç]úDêÎì�èÂçJëføGç
ò�ó(í3øJêðéÂø	��êðèhêðë è��fç�ö�ç	��çJïÎòÅù"çGö ÷�é�í�ù$� ��� �"!Oè��fç êðë�*fë�êðèÂç%÷�é�í�ù$� ô�ò\ö�çJïðïðêðë�÷�í�ïðï�è��fçmù�éÂçGøGçGö�çJëføGç
øGòÅëfì�è�é�í�êðë«èÂì¸òÅëlè��fç *fé�êðë�÷�ì[ò�ó�è��fç	è�é�í�ëfì�êðè�êÎòÅëfìN%]ÿ 35�fçGìÂçÉøJêðéÂø	��êðèÂì¸øGòÅé�éÂçGì�ù�òÅëfö�ç]úfíÅøJè�ïðûnèÂò�ö�çuíÅöXïÎòDøÂñXìuÿ

N@OQP R�SUTWV7XZY\[^]`_`T>a$S
���������b�"! � !�cdC�!6��8 �<: �<(^' , (I6fe#��8GF M0(p) -=H (I8Wgh%
')(+*/! p = (ti, tj) , (Igi?�!�6�!Q%
')(+*/! / ?1g
M∗

0 (p) =
⌊

M0(p)
gcdp

⌋

.gcdp

A:��:�C -^j :E(I8Wg ��80k j !18l*/! - 8m:�C�!n%
6�!o*/! / !18l*/!p* - 8921:<67(,��8>:�2 ��8 /Ij */! / ?1g p
�

M56 -0-=H � �sçJè p = (ti, tj)
�ç�í ù�ï=íÅøGçdò�ó

G
ÿ �3ç%ìÂçJè

A
�;éÂçGìÂù�ÿ

B
%�èÂò3è��fç ì�çJèhò�ó(ù�éÂçGøGçGö�çJëføGç

øGòÅëfì�è�é�í�êðë«èÂì�êðëfö��føGçGö=\û�í�ë%êðë�êðè�ê=í�ïsôhí�é�ñ\êðë�÷hò�ó
M0(p)

�;éÂçGìÂù�ÿ
M∗

0 (p)
%]ÿ`�3ç(ù�éÂò���ç�è��>í�è

A = B
ÿ

qzì�êðë�÷�è��fç +:�føJïðêÎöXê=í�ëdöXê��\êÎì�êÎòÅë%ò�ó
M0(p)

\û
gcdp

�Xîiç(÷�çJè -

M0(p) = M∗
0 (p) + Rgcd(M0(p))

î��fçJéÂç
Rgcd(M0(p)) ∈ {0, ..., gcdp − 1}

ÿ

�



ti

p

M0(p)
w(p) v(p)

tj ti

p

M∗

0
(p)

w(p) v(p)
tj

�¸êð÷���éÂç ��-�nòÅè�êÎòÅë�ò�ó �fìÂç]ó ��ï0èÂòÅñ�çJëfì

A ⊂ B
��çJè �fì7øGòÅëfì�êÎö�çJé7í�ù�éÂçGøGçGö�çJëføGç�øGòÅëfì�è�é�í�êðë«è�ò�ó

A
"çJè§îiçGçJë

< ti, νi >
í�ëfö

< tj, νj >
ÿ�(ºû

ïÎçJô�ôhí7�Xÿðý��

w(p) > M0(p) + w(p)νi − v(p)νj ≥ max(w(p) − v(p), 0)

� ò$��îºç(÷�çJè -

w(p) > M ∗
0 (p) + Rgcd(M0(p)) + w(p)νi − v(p)νj ≥ max(w(p) − v(p), 0)

<iïÎçuí�é�ïðûb�
w(p) > M ∗

0 (p) + w(p)νi − v(p)νj

zòuî �0ì�êðëføGç
M∗

0 (p) + w(p)νi − v(p)νj ≡ 0(gcdp)
�
max(w(p) − v(p), 0) ≡ 0(gcdp)

í�ëfö
Rgcd(M0(p)) ∈ {0, ..., gcdp − 1}

�>îiç(÷�çJè -

M∗
0 (p) + w(p)νi − v(p)νj ≥ max(w(p) − v(p), 0)

í�ëfömè��fç�ù�éÂçGøGçGö�çJëføGçWøGòÅëfì�è�é�í�êðë«è9"çJè§îiçGçJë
< ti, νi >

í�ëfö
< tj, νj >

"çJïÎòÅë�÷�ì�í�ïÎì�ò�èÂò
B
ÿ

B ⊂ A
��çJè:�fì	øGòÅëfì�êÎö�çJé	ëfò�î ínù�éÂçGøGçGö�çJëføGç�øGòÅëfì�è�é�í�êðë\èKò�ó

B
"çJè§îiçGçJë

< ti, νi >
í�ëfö

< tj, νj >
ÿ

(ºû¼ïÎçJô�ôhí7�Xÿðý��

w(p) > M ∗
0 (p) + w(p)νi − v(p)νj ≥ max(w(p) − v(p), 0)

<iïÎçuí�é�ïðûb�

M∗
0 (p) + Rgcd(M0(p)) + w(p)νi − v(p)νj ≥ max(w(p) − v(p), 0)

zòuî �fìÂêðëføGç
M∗

0 (p) + νi.w(p) − νj.v(p) ≡ 0(gcdp)
��îºç(÷�çJè

w(p) − gcdp ≥ M∗
0 (p) + w(p)νi − v(p)νj

�zì
Rgcd(M0(p)) < gcdp

�

w(p) > M ∗
0 (p) + Rgcd(M0(p)) + w(p)νi − v(p)νj ≥ max(w(p) − v(p), 0)

í�ëfömè��fç�ù�éÂçGøGçGö�çJëføGçWøGòÅëfì�è�é�í�êðë«è9"çJè§îiçGçJë
< ti, νi >

í�ëfö
< tj, νj >

"çJïÎòÅë�÷�ì�í�ïÎì�ò�èÂò
A
ÿ

+§ëhè��fç�éÂçGìÂèiò�ó�è��fç�ù>í�ù�çJé��\îiç�íÅìÂì���ô�ç�è��>í�èºè��fç�êðë�êðè�ê=í�ï"ôhí�é�ñDêðë�÷Oò�ó[í�ë\û�ù�ï=íÅøGç
p
êÎìií(ô
��ïðè�êðù�ïÎç

ò�ó
gcdp

ÿ

@



N@O�� ����X����
	"Y T>a�[��$Y	�� T>S
3�îºò ù�ï=íÅøGçGì
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M0(p1)

w
+

M0(p2)

w
> 0

� êðëføGç
M0(p1)

í�ëfö
M0(p2)
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�3ç�ù�éÂò#��ç «û�øGòÅë«è�é�íÅöXêÎøJè�êÎòÅë è��>í�è�è���êÎì�øGòÅëföXêðè�êÎòÅë êÎì�ëfçGøGçGìÂì�í�é�û2-¼îºçmì���ù�ù"ò�ì�çxè��>í�è�è��fç
êðëfç%$m�>í�ïðêðè³û3êÎì�óbí�ïÎìÂçxí�ëföSè��>í�è

C
êÎì�ïðê���ç�ÿ2��çJè��fìWøGòÅëfì�êÎö�çJéOè��>í�è�í ì�è�í�èÂçxò�ó�è��fçh÷�é�í�ù$�

CêÎì(÷�ê���çJë «û è��fç�øGò,��ù�ïÎç�ò�ó5�Åí�ï��fçGì
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M(p2) + ν2.v(p) − ν1.w(p) = M(p2) =⇒ ν2.v(p) = ν1.w(p)

35�fçxì�ôhí�ïðïÎçGì�è ��í�ï��fçGì ��çJé�ê©ó|û\êðë�÷�è���êÎìlù�éÂç	�DêÎò,�fìWøGòÅëföXêðè�êÎòÅë í�éÂç
ν∗
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w(p)

í�ëfö
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2 =
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Λ ≥
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X + Y = σ
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+ 1
ÿ

0 gcdp 2.gcdp . . . σ − gcdp σ

σ σ − gcdp σ − 2.gcdp . . . gcdp 0
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(X,Y ) �� ��� X+Y =σ
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=
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v(p).w(p) = lcmp.gcdp
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s
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3 t1

2

2t4
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0

0
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ø��fçGø�ñ�çGö

t3 2.t4 t1 t2 t3 t4 t1 2.t2
M(p1) : 0 0 0 3 1 1 1 4 0
M(p2) : 4 1 1 1 3 0 0 0 4
M(p3) : 1 4 0 0 0 3 1 1 1
M(p4) : 0 0 4 1 1 1 3 0 0
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)

� �fçJéÂç(-�@�� �b%]ÿ
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GêÎì,ïðê���ç�ÿ
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+§ëhè��fçzìÂçGøGòÅëföxìÂèÂçJù �«îºçZ$��êðïÎö�í^��í�ï��fçGöh÷�é�í�ù$�

G′ = (T, V )
ì��fø/��í�ë\û�ù�ï=íÅøGç

p′ = (ti, tj) ∈
P ′ øGòÅé�éÂçGìÂù"òÅëfö�ìºèÂò�í�ë�í�éÂø (i, j) ∈ V

��í�ï��fçGö(\û
M0(p

′)− v(p′)+ gcdp′
�|ìÂçGç8*f÷���éÂçOý��(ó|òÅé
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